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Abstract—Social characteristics have been observed to signif-
icantly affect the communications in wireless social networks,
especially that within a group following the multicast manner.
To model the multicast group in wireless social networks, we
should incorporate two important social characteristics, i.e.,
social relationship and group size. In most existing works, the
modeling of social relationship only considers geographic factor.
However, such models fail to well characterize wireless social
networks since unlike that in traditional wireless networks,
geographic distance is no longer the major factor that affects
people’s communications and some non-geographic factors, such
as user popularity, become more and more important. Moreover,
group size is always assumed to be known a priori in pervious
works, which cannot fully meet the realistic condition. Therefore,
in this paper, we model the multicast group from a combination
of Geographic and Non-geographic (GN) perspective. Specifically,
we propose the GN Model to characterize social relationship and
the Independently-Selected Model to characterize group size. In
addition to the geographic distance considered in the modeling
of social relationship, we also introduce user popularity which
reflects the influence of each user on others. Then, we assume that
the source transmits the data packet to all his friends following
the multicast manner. Based on the proposed model, we calculate
transmission distance and network traffic load, and then discuss
how they are influenced by both geographic and non-geographic
factors. Moreover, our proposed models are verified through
experimental measurements based on real datasets.

Index Terms—Wireless social networks, multicast, social rela-
tionship, group size.

I. INTRODUCTION

W ITH the rapid development of wireless networks,
people can communicate with each other and share

contents whenever they want and wherever they are, which
have been observed to be significantly affected by social
characteristics [1] [2] [3] [4]. Since it is a common requirement
for a user to post the data to a group of receivers, multicast
is an important traffic pattern in wireless networks. The
performance of multicast and its inverse process have been
widely studied in uniform and heterogeneous networks [5]
[6] [7] [8]. However, multicast in wireless social networks
presents some unique features that are not possessed by
those traditional networks [9] [10]. For instance, it is heavily
influenced by social characteristics such as how the source
user selects receivers (social relationship) and the number of
these receivers (group size).

Based on the above two characteristics, in this paper, we aim
at the modeling of multicast group in wireless social networks
and the analysis of corresponding network performance. Social

relationship describes how a source selects its friends as
receivers. In wireless social networks, whether two users are
friends depends on many factors, e.g., geographic distance,
user popularity and common interest. The social relationship
of users is usually modeled as pk→i — the probability that
user i and user k are friends. In wireless social networks, it
is a common requirement that a user transmits contents to all
of his friends following a multicast manner. Therefore, the
geographic distribution of group members is greatly affected
by the social relationship. Many studies have demonstrated
that social relationship between users is closely related to the
geographic distance. For example, two users located closer
to each other are more likely to be friends. Based on this
observation, a widely-used model, i.e., rank-based model
[11], is proposed. This model is geographic-based, which can
well characterize the influence of geographic distance on the
destination selection process. However, with the widespread
application of wireless networks, geographic distance is no
longer the major factor that affects people’s communication.
Through wireless social networks, it is possible for people to
transmit contents to any of their friends whenever they want
and wherever they are. Therefore, in wireless social networks,
geographic factor has less influence on user’s social rela-
tionship compared with that in traditional wireless networks.
Some other factors, e.g., user popularity that is referred as
non-geographic factor, have played an increasingly important
role in modeling the social relationship. Obviously, a user in
wireless social networks is more likely to follow some popular
users compared with ordinary ones. In this paper, we model
the destination selection process based on both geographic and
non-geographic factors, which presents some novel features of
multicast in wireless social networks.

Since group size characterizes the number of friends of each
user, it has direct influence on network performance. Most
existing works assume that group size is known a priori, which
falls short in a good reflection in some realistic scenarios.
In the real wireless social networks, different transmission
demands and complicated relationships between users always
lead to a varying group size. Consequently, it should be mod-
eled as a random variable. Among the literature that attempt
to characterize the group size in wireless social networks,
some have confirmed that it follows the power-law distribution
[12] [13]. However, this result is obtained through large-scale
statistical observations and there is still a lacking of thorough
theoretical analysis. In this paper, we model the group size
as a random variable determined by the destination selection
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process, and the Probability Density Function (PDF) of it
varies between power-law distribution (selecting destinations
with social features) and binomial distribution (selecting des-
tinations randomly). As mentioned above, traditional models
can not fully characterize the destination selection process
in wireless social networks. Therefore, the main objective
in our work is to overcome the aforementioned limits and
characterize the multicast in wireless social networks from a
more comprehensive perspective. Specially, it includes:

1) Study how the social relationship of users is conjointly
influenced by geographic and non-geographic factors.

2) Characterize group size based on social relationship
rather than assume it is known a priori.

3) Evaluate the network performance of multicast under the
proposed models.

To this end, we propose a novel model of destination selec-
tion process that incorporates two important social character-
istics, i.e., social relationship and group size. To characterize
the social relationship based on both Geographic and Non-
geographic (GN) factors, we propose the GN Model, in which
the probability pk→i is the superposition of two parts, i.e.,
Geographic factor Pg and Non-geographic factor Png . The
first part Pg follows the rank-based model, which characterizes
the relationship of geographic distance and pk→i . The second
part Png is assumed to be a constant, which is indiscriminate to
all users in a common multicast group but varies among differ-
ent multicast groups. The model we proposed is also verified
in [11], supported by the data collected from LiveJournal, a
social network with more than 1 billion bloggers. As for group
size, we propose the Independently-Selected Model, in which
it is obtained through destination selection process rather than
known a priori. We assume that for each user i in the network,
source user k selects it as the destination with probability
pk→i , and the selections of different users are independent of
each other. Then, the group size is defined as the number of all
destinations according to this process. It is worth noting that
our work differs from the existing ones in the sense that our
proposed model establishes the link between the group size
and destination selection process instead of directly assuming
that the group size follows a power-law distribution.

Based on this model, we further analyze the network per-
formance through two metrics: transmission distance, defined
as the average transmission range of a multicast group; and
traffic load, defined as the length of multicast tree in order to
evaluate the consumption of time and energy in a multicast
transmission. With the influence of non-geographic factor,
these two metrics present some new features.

The main contributions of this paper are summarized as
follows:

1) We propose a novel model, i.e., GN Model, to character-
ize the social relationship. It considers both geographic
factor Pg and non-geographic factor Png , where Pg

follows the rank-based model, which reflects the influence
of geographic distance on pk→i , and Png is assumed to
be a constant, which reflects the characteristic of group
rather than user feature.

2) We propose the Independently-Selected Model to obtain

the group size. Results show that if the destinations are
selected according to social characteristics, group size is
power-law distributed with exponent related to the non-
geographic factor, where a smaller difference of the factor
among groups results in a more centralized distribution
of group size.

3) We calculate transmission distance and traffic load based
on the proposed models. Results show that information
spreading in a multicast group can cover a constant
fraction of the whole network. Moreover, when take all
multicast groups into consideration, the network traffic
load is mainly determined by the non-geographic factor.

The rest of paper is organized as follows. We introduce
related work and preliminaries in section II and section III.
In section IV, we describe our destination selection process
based on social relationship and group size. Then, the EMST
for each multicast group, transmission distance and traffic load
are calculated in section V. And the corresponding complexity
is analyzed in section VI. In section VII, we conduct experi-
mental measurements based on four real datasets. Finally, we
give concluding remarks in section VIII.

II. RELATED WORK

There exist a large body of literature on the analysis of
multicast in wireless social networks, most of which [14] [15]
utilize the rank-based model [11] — a model that measures the
relation strength of nodes based on geographic factor. How-
ever, the social relationship in real wireless social networks
can also be influenced by some other factors in addition to the
geographic one. Liben-Nowell et al. [11] suggest that social
relationship is created by the union of two distinct processes,
i.e., geographic and non-geographic processes. The authors
examine it through the dataset comprising 1, 312, 454 bloggers
in the LiveJournal community. Statistical data show that for a
large geographic distance between two users, the probability
of friendship between them flattens to a constant. Inspired by
this fact, we propose a novel model, i.e., GN Model, which
considers both geographic and non-geographic factors. The
influence of non-geographic factor is modeled as a constant
for a particular social group, and in contrast, it varies among
different groups with the popularity of source. The popularity
of a user is defined as the number of views its profile receives.
Jiang et al. [16] perform a detailed measurement study on
Renren, one of the largest social networks in China with
more than 150 billion users. The authors exhaustively crawl
a connected graph component of 42 million users and 1.66
billion social links. Statistical data show that popularity is not
evenly spread across the users, of which only 1% users have
high popularity to receive large number of views, while the
majority of users (57%) exhibit very low popularity. This type
of user popularity can be well fitted by the Zipf distribution.
The above two observations are both collected from the
real-world social networks with a large dataset (LiveJournal
and Renren, respectively), which reflects the important social
characteristics that also exist in wireless social networks.

In most existing works, it is a common assumption that
group size is known a priori, which cannot fully meet the
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realistic condition. In some related works [5], the group sizes
of different multicast groups are assumed to be identical.
In their model, each source in the network selects k − 1
destinations randomly and independently, where k is the group
size given as a constant. Shakkottai et al. [17] and Alfano et al.
[18] [19] assume that the group size varying with a parameter
ϵ can be expressed as Θ (nϵ )1 . The constraint of the number
of multicast groups is relaxed by Wang et al. [12] and Lu et
al. [20], who allow the group size to be an arbitrary number
ranging in [1, n]. Zheng et al. [21] introduce multiple types
of multicast groups into the network, where group sizes of
different types of multicast groups are allowed to be different.
However, these existing works have a common assumption,
i.e., the group size of the same multicast type is a constant,
which fails to capture the realistic scenarios. To overcome the
aforementioned limits, we propose the Independently-Selected
Model, where the sizes of different groups vary.

Besides, social relationship and group size have also been
studied in some literature. Azimdoost et al. [22] study the
impact of social relationship on the network capacity, in which
it is characterized by the distance-based model. The probability
of friendship between node vk and vi is proportional to
∥Xk − Xi ∥−α , where ∥ · ∥ denotes the Euclidean distance
between two locations and α is the parameter which is a
constant. Qin et al. [14] and Wang et al. [15] consider both
social relationship and group size in their analysis. They
characterize the social relationship by the rank-based model
— the probability of friendship is proportional to Rankk (i)−α ,
where Rankk (i) is the rank of node vk with respect to the
source node vk . As for the group size, they assume that it
follows the power-law distribution. Although the above two
characteristics are also studied in these existing works, there
are two main differences between our work and theirs:

1) The social relationship in our work considers both ge-
ographic and non-geographic factors, while the above
existing works only consider the former one.

2) The group size in our work is determined by the desti-
nation selection process rather than directly assumed to
follow the power-law distribution.

III. PRELIMINARIES

In order to help readers better understand the following
theoretical models and mathematical derivations, we provide
some important preliminaries in this section.

A. Rank-based Model

Based on statistical data, many studies have confirmed
that the friendship between users is closely related to their
geographic locations. Generally, the source node is more likely
to transmit data packet to the node located closer to it. Based
on this geographic-related feature, rank-based model [11] is
proposed.

1We use standard asymptotic notations in our paper. Consider two nonneg-
ative function f ( ·) and g ( ·): f (n) = o (g(n)) means limn→∞ f (n)/g(n) =
0; f (n) = O (g(n)) means limn→∞ f (n)/g(n) < ∞; f (n) =
ω (g(n)) means limn→∞ f (n)/g(n) = ∞; f (n) = Ω (g(n)) means
limn→∞ f (n)/g(n) > 0; f (n) = Θ (g(n)) means f (n) = Ω (g(n)) and
f (n) = O (g(n)).

(a) α = c1 (b) α = c2

Fig. 1. Distribution of destinations in a multicast group, where the social
relationship follows the rank-based model with parameter α. Destinations in
(a) are located more centralized compared with that in (b) with parameters
c1 > c2.

We denote the set of destinations with source node vk as
Gk , and define the rank of node vi with respect to node vk as

Rankk (i) = |{v j ∈ Gk |∥X j − Xk ∥ < ∥Xi − Xk ∥}|, (1)

where | · | denotes the number of elements in the set and
Xi denotes the geographic location of node vi . This equation
implies that Rankk (i) is the the number of nodes located
closer to the source compared with node vi . Furthermore, the
probability that source vk transmits data packet to node vi
satisfies

pk→i ∝
1

Rankkα (i)
,

where α is a non-negative constant. The distribution of des-
tinations varies with different α. As shown in Fig. 1, if α
is larger, the destinations of multicast group are located much
closer to the source. Otherwise, the distribution of destinations
is more decentralized. Especially, if α = 0, the rank-based
model degenerates to be uniform, i.e., each node is selected as
the destination with equal probability. After the normalization,
pk→i can be expressed as

pk→i =
1

N (n)Rankkα (i)
, (2)

where N (n) is the normalization coefficient. According to the
sum of p-series, we have

N (n) =
n∑

r=1

1
rα
=


Θ

(
n1−α )

, 0 ≤ α < 1

Θ
(
log n

)
, α = 1

Θ (1) , α > 1.

(3)

B. Euclidean Minimum Spanning Tree

The multicast considered in our model follows the multi-
hop transmission, where the source transmits the data packet
to some of destinations that located close to it and then
the received nodes act as relays and retransmit the data
packet to other destinations. Such kind of transmission scheme
naturally results in a multicast tree and we use Euclidean
Minimum Spanning Tree (EMST) to analyze the performance
of it. EMST is a spanning tree with the minimum Euclidean
distance, which can well characterize the optimal transmission
path for a multicast group. The average length of EMST
reflects the minimum geographic distance for the source to
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TABLE I
NOTATIONS AND DEFINITIONS

Notation Definition
t Relative weight of non-geographic factor
β Parameter of distribution of popularity
α Parameter of rank-based model

Pg Probability determined by geographic factor
Png Probability determined by non-geographic factor

n The number of nodes in the network
qk The number of destinations with source vk

pk→i Probability that vk selects vi as the destination

Dk
Transmission distance of the multicast group with

source vk
Lk Traffic load of multicast group with source vk
Ik The popularity of node vk
Nq The number of multicast groups with group size q

fk (x) PDF of destination’s location with source vk

transmit data packet to all destinations. If the number of nodes
is sufficiently large, the average length of EMST [23] satisfies
the following Lemma.

Lemma 1. Suppose X is the position vector with values in
Rd , where network dimension d ≥ 2. Then with probability 1

lim
n→∞
|EMST | = c(d) · n d−1

d

∫
Rd

f (X )
d−1
d dX,

where f (X ) denotes the PDF of the related n nodes in the
network and c(d) is a constant.

In this paper, the network dimension d = 2.

C. Transmission Distance

For the multicast group with source node vk , the transmis-
sion distance of it is defined as the average Euclidean distance
between the source and the destination, which is

Dk =
1

qk

∑qk

i=1
∥Xk − Xi ∥, (4)

where qk is the number of destinations, Xk is the geographic
location of the source vk and Xi is the geographic location of
the destination vi . Obviously, a larger transmission distance
indicates that the data packet can be transmitted farther away.

D. Traffic Load

We define the traffic load as the Euclidean distance of
transmission path in a multicast group, where a larger traffic
load indicates a larger consumption of time and energy. If
the transmission strategy is optimally chosen, the length of
transmission path of a multicast group is considered to be the
average length of EMST, i.e., |EMST (vk, qk ) |, where vk is the
k-th source node with group size qk . Therefore, traffic load
for the multicast group with source node vk is defined as

Lk = |EMST (vk, qk ) | .

Given the definition of traffic load for a specific multicast
group, we further extend it to the whole network, referred as
network traffic load. Note that each node in the network is
possible to be the source and transmits the data packet to all

its group members. Therefore, to evaluate the network traffic
load considering all these n multicast groups in the network
N, we add up them together and thus the network traffic load
can be expressed as

LN =
∑n

k=1
Lk =

∑n

k=1
|EMST (vk, qk ) | .

Then, we will calculate the average total length of EMST to
obtain the network traffic load.

E. Notation

For convenience, we present Table I to list all notations that
will be used in the following analysis, proofs and discussions.

IV. DESTINATION SELECTION PROCESS

In this section, we elaborate how a multicast group is set up
based on the social relationship of users. In order to character-
ize this process, we proposed two models, i.e., GN Model and
Independently-Selected Model. To avoid boundary effect, we
define the network N as a torus with unit area. We consider
a system with n nodes uniformly and randomly spreading in
the network. Their geographic locations are denoted by {Xi }
with 1 ≤ i ≤ n, which are a series of independent random
variables. In the network, each node is possible to transmit
the data packet to all its friends and thus acts as the source,
which forms a multicast group.

We set up a multicast network based on the following two
processes.

1) Node distribution process: All n nodes in the network
are independently and uniformly distributed, with the
PDF of its geographic location f (Xi ) = 1.

2) Destination selection process: For a social multicast
group with source node vk , the destinations are selected
following the Independently-Selected Model, in which
they are selected independently of each other with prob-
ability pk→i .

A. Geographic and Non-Geographic Social Relationships

In wireless social networks, whether user i is a friend of
user k is determined by their social relationship, which is
described by the probability pk→i . In most existing works,
pk→i is assumed to follow the rank-based model, which can
well characterize the influence of geographic factor on it.
However, in addition to the geographic factor, the real social
relationship between two users can also be determined by
some non-geographic factors. For example, a user may be a
friend of another one due to the common interests they share,
and this is unrelated to the geographic distance between them.
This observation is also inferred by Liben et al [11], which
is supported by the data collected from the LiveJournal social
network. They examine the relationship of friendship prob-
ability P(δ) and geographic distance δ. With the increase of
distance, P(δ) flattens to a constant for large distance δ, which
can be explained by postulating a background probability ϵ of
social relationship that is independent of geography. Therefore,
their proposed model of destination selection process is the
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union of two distinct processes: one comprising all geography-
dependent mechanisms and one comprising all non-geographic
processes. In our work, background probability ϵ is referred
as the non-geographic factor Png and modeled as a constant
only related to the source. In contrast, the geographic feature in
social relationship is referred as Pg , which shows a tendency
that the node with a larger distance from the source has a
smaller probability to be selected as the destination.

In our proposed GN model, the probability that source node
vk selects node vi as one of its destinations is modeled as the
sum of geographic factor Pg and non-geographic factor Png

with relative weight t, which is

pk→i = tPng + (1 − t)Pg, (5)

where t ∈ [0, 1] is a constant reflecting the different relative
weights of these two factors. For the wireless social networks
that are not geographic-based, such as online social networks,
the values of t are relatively large and the influence of non-
geographic factor Png is greater. Otherwise, the values of t
are relatively small and the influence of geographic factor
Pg is greater, which often happens in some geographic-based
wireless social networks such as internet of vehicles. However,
the specific value of parameter t does not affect the network
performance analysis in order sense, which will be verified in
the following derivations.

For geographic factor Pg , we assume that it follows the
rank-based model, which is expressed in Equation (2). Note
that the order of Pg varies with α, which is

Pg =
1

N (n) · Rankkα (i)
=



Θ

(
1

n1−α · Rankkα (i)

)
, 0 ≤ α < 1

Θ

(
1

log n · Rankkα (i)

)
, α = 1

Θ

(
1

Rankkα (i)

)
, α > 1.

We can observe that under the circumstances of 0 ≤ α < 1
and α = 1, Pg = Ω(1). Since Png = Θ(1), we obtain

pk→i = tPng + (1 − t)Pg = Θ
(
Png

)
.

This result indicates that when 0 ≤ α ≤ 1, the influence
of Pg can be neglected compared with that of Png . In other
words, geographic factor is submerged in the non-geographic
factor. In this case, the distribution of Pg tends to be flat.
Especially when α = 0, Pg =

1
n , where the distribution of

destinations degenerates to be uniform. This conclusion is also
inferred in some other existing works. For example, the authors
demonstrate in [14] that when 0 ≤ α ≤ 1, the distribution
of destinations is similar to that in the uniform distribution.
Consequently, to study the influences of both geographic factor
and non-geographic factor on the destination selection process,
we only consider the case α > 1 in this paper. Therefore, we
have

Pg = Θ

(
1

Rankkα (i)

)
.

For non-geographic factor Png , it can be viewed as a
constant in a particular social group but varies among different
social groups. In wireless social networks, it is often the case

that the popularity of each user varies. Some popular users
often have a greater social influence compared with ordinary
ones. Therefore, it is more likely for a user to receive contents
from these popular users rather than other ordinary ones. In
this paper, the popularity of a user is defined as follows.

Definition 1 (Popularity). We define the popularity of a user
as the number of views its profile receives as in [16]. The
popularity of node vk is denoted by Ik ranging from 1 to
Imax , where Imax is a constant denoting the largest possible
number of views a user receives in a certain period of time.

The distribution of popularity is not evenly spread across the
users in most cases. In [16], the data collected from Renren
shows that the distribution of user popularity is fitted to a Zipf
distribution with parameter β, which can be expressed as

P{Ik = i} = 1
iβ
, 1 ≤ i ≤ Imax .

Considering a multicast group with source node vk , the
probability that node vi is selected as one of its destinations
is

pk→i = t
1
iβ
+ (1 − t)

1
Rankkα (i)

. (6)

Note that though Ik varies among different multicast groups, it
is a constant when a particular multicast group is considered.

In general, whether geographic factor or non-geographic
factor dominates is related to the geographic distance between
source vk and node vi . Social relationship between two distant
users is more likely (but not guaranteed) to be influenced
by non-geographic factor Png , since Pg vanishes as the
geographic distance increases. On the other hand, for two close
users, social relationship between them is more likely to be
influenced by geographic factor Pg .

Actually, no particular social relationship can be simply
characterized by either geographic factor or non-geographic
factor alone. The difference between them is the relative
weight of these two factors, which is characterized by the
parameter t in Equation (5). In general, the value of t varies
in different types of wireless social networks.

B. Independently-Selected Model
In most existing works, the destination selection process is

modeled as follows. Firstly, assume there are q destinations
in a social multicast group. Then, select q nodes from total
n nodes according to pk→i . Note that in this process, group
size is known a priori, which cannot fully meet the realistic
condition. We propose a novel model, i.e., Independently-
Selected Model, to characterize the group size based on the
destination selection process. The definition of Independent
Selected Model is presented as follows.

Definition 2 (Independently-Selected Model). Assuming that
the source node is vk , the Independently-Selected Model
satisfies

1) The selections of destinations are independent of each
other, i.e., ∀i , j, pk→i, j = pk→i · pk→ j .

2) Source node vk selects the node vi as the destination
with probability pk→i , which is determined by the social
relationship between node vi and source vk .
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Fig. 2. Three top-to-bottom layers in wireless social networks. Layer 1 shows
different types of wireless social networks, where network A is more likely
to be affected by non-geographic factor and thus it has more distant links
compared with that in network B. Layer 2 shows the different popularities of
source nodes and layer 3 shows the structure of a social multicast group.

In this model, the group size q is a random variable
expressed as the sum of each node with corresponding proba-
bility. Note that the group size in our model is determined by
the destination selection process rather than known a priori.
As shown in Fig. 1(a), nodes (grey dots) in the network are
uniformly distributed. However, the geographic distribution of
destinations (black dots) is determined by the expression of
pk→i , which is heterogeneous in this paper.

The wireless social networks can be considered from three
top-to-bottom layers, i.e., networks, groups and destinations.
Fig. 2 shows the structure of each layer. Our GN Model with
probability pk→i reflects characteristics of these three layers
with parameters t, β and α, respectively.

1) Networks layer (Parameter t): Each type of wireless
social networks has its own feature, which is determined
by its delivered contents and friendship confirmation
scheme. Parameter t characterizes the relative influence of
geographic and non-geographic factors in different types
of wireless social networks.

2) Groups layer (Parameter β): In a particular type of
wireless social network, different source users have dif-
ferent popularities following the Zipf distribution with
parameter β. Therefore, non-geographic factor actually
reflects the inter-group difference.

3) Destinations layer (Parameter α): For all nodes in a
common multicast group, Png is indiscriminate to them
while Pg follows the rank-based model with parameter
α. Therefore, geographic factor reflects the intra-group
difference.

We note that our models may not perfectly characterize the
network properties in some scenarios. For example, some of
the friendships in wireless social networks appear to be inter-
dependent and may be better correlated with other dimensions
such as the common friends between two users. However, a
complete reproduction of all the features in a realistic network
is too difficult, if at all possible, and we believe it is beneficial
to make the proper simplifications towards a tractable model
and a meaningful look into the formation of multicast group.
In this way, the models in this paper well capture the network
properties in real-word wireless social networks.

V. GROUP SIZE AND MULTICAST PERFORMANCE

In this section, we analyze the EMST for each multicast
group based on our proposed destination selection process,
and furthermore, we evaluate the performance of multicast by
two metrics, i.e., transmission distance and traffic load.

A. Group Size

Based on the Independently-Selected Model, the group size
q can be obtained as follows. Firstly, for an arbitrary node vi ,
source node vk selects it as the destination with probability
pk→i . Then, considering all nodes in the network one by one,
we can obtain the corresponding group size. We now present
the mathematical expression of group size.

For each node vi , we define the indicator function 1i as

1i =
{

1, vi is selected as the destination
0, vi is not selected as the destination.

For the multicast group with source node vk , independently
select node vi with probability pk→i . The group size qk with
source node vk can be formulated as

qk =
∑n

i=1, i,k
{1i ��vi is selected with probability pk→i }. (7)

Based on this model, the PDF of group size qk can be
represented as Lemma 2.

Lemma 2. Under the Independently-Selected Model with n
nodes, for a specific multicast group, if the node vi is selected
as the destination with probability pi , 1 ≤ i ≤ n, the
distribution of group size qk satisfies

P{qk = q} =
∑

1≤i1<...<iq ≤n
pi1 . . . piq (1 − pj1 ) . . . (1 − pjn−q ),

where i1, . . . , iq is an arbitrary permutation of q nodes.

Proof. See Appendix A. □

Lemma 2 gives a general expression of group size qk . The
specific expression of group size qk is determined by the value
of pi , 1 ≤ i ≤ n. In this paper, the probability that node vi is
selected as the destination is defined as pk→i = t 1

Ik
β + (1 −

t) 1
Rankk

α (i) in Equation (6). The value of geographic factor Pg

decreases fast as the rank of node increases. Note that Pg =
1

Rankk
α (i) → 0 when Rankk (i) → ∞. Therefore, in a large-

scale wireless social network, most of users located far from
the source node have a relatively small Pg . In this case, Pg can
be regarded as the fluctuation among different destinations in
a common multicast group, which can be neglected compared
to Png , and we say that non-geographic factor Png dominates.
The probability distribution of group size when Png dominates
is shown in Theorem 1.

Theorem 1. Under the proposed destination selection process,
if the source node vk selects the node vi as the destination with
probability pk→i given in Equation (6) and non-geographic
factor Png dominates, the distribution of group size qk can be
expressed as

P{qk = q} = Θ *.,
(

1
q

) 1
β +1+/- ,
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which follows the power-law distribution with parameter 1
β +1.

Proof. When non-geographic factor Png dominates, we only
take Png into consideration. We use p̂k to denote this approx-
imation of pk→i , then

p̂k = tPng .

This equation indicates that for a particular multicast group,
the probability that each node is selected as the destination is
identical. Based on the above approximation, all nodes in a
common multicast group are selected by the source node vk
with the same probability p̂k , which varies among different
groups following the Zipf distribution. The PDF of group size
P{qk = q} can be developed by Compound Binomial Distri-
bution [24]. Following our Independently-Selected Model, the
probability that group size equals q is

P{qk = q} =
∫ 1

0

(
n
q

)
p̂k

q (1 − p̂k )n−q f (p̂k )dp̂k, (8)

where f (p̂k ) is the PDF of probability p̂k . Then, we consider
this equation into two cases. Case 1: β = 0. In this case,
Png is the same in different social groups. The Cumulative
Distribution Function (CDF) of p̂k is a Step Function and
f (p̂k ) = δ(p̂k ) is a Delta Function. Then, Equation (8) can
be expressed as

P{qk = q} =
(
n
q

)
p̂k

q (1 − p̂k )n−q . (9)

The distribution of group size qk with β = 0 follows the
Binomial Distribution. In this case, the peak value of P{qk =
q} occurs at q = np̂k . However, when q ≫ np̂k or q ≪ np̂k ,
P{qk = q} decreases exponentially, which means P{qk = q} →
0 in these two ranges.

Without the influence of social features, the destination
selection process is uniform in the case β , 0. Since we focus
on the performance analysis on wireless social networks in this
paper, we only study the case β , 0 in the following parts.

Case 2: β , 0. In this case, the selection of destinations is
strictly heterogeneous. Firstly, we calculate the CDF of f (p̂k ),
which is

Fp̂k
(x) = P{p̂k ≤ x} = P{t · Png ≤ x} = P{I ≥

( t
x

) 1
β }

=


1, x > t

1 − 1
Imax − 1

·
( t

x

) 1
β
, t ≥ x ≥ t

nβ
0, others.

(10)

Notation I denotes the popularity of the source node, ranging
from 1 to Imax . The PDF of p̂k can be calculated as

f p̂k
(x) =

d
dx

Fp̂k
(x) =

t
1
β

β(Imax − 1)

(
1
x

) 1
β +1

.

Thus, Equation (8) can be expressed as

P{qk = q} =
∫ 1

0

(
n
q

)
p̂k

q (1 − p̂k )n−q
t

1
β

β(Imax − 1)

(
1
p̂k

) 1
β +1

dp̂k

=
t

1
β

β(Imax − 1)

(
n
q

) ∫ 1

0
p̂k

q− 1
β −1(1 − p̂k )n−qdp̂k,

(11)

where
∫ 1

0 p̂k
q− 1

β −1(1 − p̂k )n−qdp̂k is the Beta Function with
parameter B(q − 1

β , n − q + 1). It can be generated by Gamma
Function, that is

B(q − 1
β
, n − q + 1) =

Γ(q − 1
β )Γ(n − q + 1)

Γ(n − 1
β + 1)

=
(q − 1

β − 1)!(n − q)!

(n − 1
β )!

.

Then using Stirling’s Approximation [25], we can further
simplify Equation (11) to

P{qk = q}

=
t

1
β

β(Imax − 1)
· n!

q!(n − q)!
·

(q − 1
β − 1)!(n − q)!

(n − 1
β )!

=
t

1
β

β(Imax − 1)
·

√
2πn( ne )n√

2π(n − 1
β )(

n− 1
β

e )
n− 1

β

·
(q − 1

β − 1)!

q!

=


Θ(1), q = Θ(1)

Θ
*.,
(

1
q

) 1
β +1+/- , q = ω(1).

(12)

Merging the results of these two parts, we have

P{qk = q} = Θ *.,
(

1
q

) 1
β +1+/- .

Thus, we complete the proof. □

The results in Theorem 1 show that when Png dominates,
the probability distribution of group size follows the power-
law distribution, which confirms to that in real wireless social
networks. This result also validates the correctness of our des-
tination selection process. We compare the simulation result
and real data trace in section VII. Fig. 3 shows that they are
well fitted. We also study the impacts of parameters in pk→i on
the probability distribution of group size, and results show that
Png dominates in most cases. Note that the exponent of power-
law distribution is 1

β + 1 that has no relation to parameters α
and t. However, in the later numerical simulations we will
show that parameter α has little impact on the distribution
of group size as expected but parameter t has influence on it
even if not in order sense, where a smaller t results in a more
centralized distribution of group size. The detailed comparison
and analysis on this result are given in section VII. C.

B. Multicast Tree and Network Performance
In this subsection, we analyze the EMST for each multicast

group, and furthermore, we evaluate the performance of multi-
cast under the proposed models by calculating the transmission
distance and network traffic load. Firstly, we calculate the PDF
of destinations’ geographic locations (Lemma 4). Accordingly,
we develop the |EMST | for each social multicast group
(Lemma 5). Then, we figure out the transmission distance
(Theorem 2). And finally, we give the asymptotic expression
of network traffic load (Theorem 3).

Before calculating the PDF of destination’s locations, we
first present the following Lemma.
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Lemma 3. If node vk is the source node and the rank of node
vi with respect to node vk is Rankk (i) = r, the Euclidean
distance between node vk and node vi satisfies

∥Xk − Xi ∥ = Θ(
√

r
n

).

Proof. See Appendix B. □

Lemma 3 gives the relationship of Rankk (i) and ∥Xk −Xi ∥,
which enables us to build the link between Pg and the node’s
geographic location.

Lemma 4. Under the proposed destination selection process,
if the source node vk selects node vi as the destination with
probability pk→i given in Equation (6), the PDF of location
of destination can be expressed as

fvk (x) = *, 1
1−t
n +

t
I β

+- ·
(

1 − t
(πx2n + 1)α

+
t

Iβ

)
.

Proof. The probability that source node vk selects node vi as
the destination has been given in Equation (6). Combined with
Equation (22) in Lemma 3, this probability can be expressed
as

pk→i = tPng+(1−t)Pg = t· 1
Iβ
+(1−t)· 1

(π∥Xk − Xi ∥2n + 1)
α . (13)

Firstly, consider the CDF of distribution of destinations,
which is denoted by Fvk (x). For all nodes located within
distance x from the source, each node vi is selected as
the destination with probability pk→i . Denoting the set of
destinations with source node vk as Gvk , we have

Fvk (x) =P{∥Xk − Xi ∥ < x ���vi ∈ Gvk }
=

∑x
l=0

(
π(l + ∆l)2 − πl2

)
·
(

1−t
(πl2n+1)α

+ t
I β

)
∑√

1
π

l=0

(
π(l + ∆l)2 − πl2

)
·
(

1−t
(πl2n+1)α

+ t
I β

)
(c)
=

∑x
l=0 2πl∆l

(
1−t

(πl2n+1)α
+ t

I β

)
∑√

1
π

l=0 2π∆l
(

1−t
(πl2n+1)α

+ t
I β

) ,
where (c) holds since (∆l)2 can be ignored compared with
∆l. For convenience, we use notation l to denote the distance
between source node vk and node vi .

Since Pg is closely related to the the geographic location of
node, we calculate the Fvk (x) by dividing the disk with radius
x into many annuluses. The nodes within the same annulus can
be regarded as having the same distance between them and
the source. According to the definition of Riemann Integral,
Fvk (x) can be transformed into the integral form. Letting ∆l →
0, we have

Fvk (x) =

∫ x
0 2πl

(
1−t

N (n)(πl2n+1)α
+ t

I β

)
dl

∫√
1
π

0 2πl
(

1−t
N (n)(πl2n+1)α

+ t
I β

)
dl

=
2πl

1−t
n +

t
I β

∫ x

0

(
1 − t

N (n)(πl2n + 1)α
+

t
Iβ

)
dl .

(14)

The denominator in this equation is the normalized coefficient,
whose value is 1−t

n +
t
I β

. Please see the calculation of the
denominator in Appendix C.

Hence, the corresponding PDF can be expressed as

fvk (x) =
dFvk (x)

dx

=
*.,

1
1−t
n +

t
I β

+/- ·
(

1 − t

(πx2n + 1)α
+

t
Iβ

)
.

Finally, we can get the results shown in Lemma 4. □

Based on the PDF of locations of destinations in given
Lemma 4, now we come to the calculation of the length of
EMST of a multicast group.

Theorem 2. For the multicast group with source vk , following
the proposed destination selection process, the transmission
distance of it is

Dk = Θ (1) .

Proof. Based on the PDF of location of destination given in
Lemma 4, the average Euclidean distance between the source
node vk and the destination is

Dk =

∫
O
∥X − Xk ∥ fvk (x)dx =

∫ √
1
π

0
x fvk (x)d(πx2). (15)

This formula can be calculated as∫ √
1
π

0
x fvk (x)d(πx2)

=
*.,

1
1−t
n +

t
Ik

β

+/- ·
∫ √

1
π

0
2πx2 ·

(
1 − t

(πx2n + 1)α
+

t
Ik β

)
dx.

We divide this integral into two parts and calculate each part
separately.

For the first part,

Θ
*..,
∫ √

1
n

0

1 − t

(πx2n + 1)α
· 2πx2dx

+//-
=


Θ

(
1

n
3
2

log n
)
, α =

3
2

Θ

(
1

n
3
2

)
, α ,

3
2
.

For the second part,

Θ
*.,
∫ √

1
π√

1
n

t
Ik β
· 2πx2dx+/- = Θ(1).

Adding the above two parts, we have

Dk = Θ (1) . (16)

And thus we complete the proof. □

Lemma 5. If node vk is the source node with group size qk ,
following the proposed destination selection process, the traffic
load of it can be measured by the length of EMST, which is

Dk = |EMST (vk, qk ) | = Θ (√
qk

)
.
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Especially, consider all close nodes i, i.e., i , k and

∥Xi−Xk ∥ = Ω
(√

1
n

) ∪
Θ

(√
1
n

)
, whose selection probabilities

are mainly influenced by geographic factor Pg . The length of
EMST of all close nodes is

|EMST (vk, qk ) |
������∥X−Xk ∥=Ω

(√
1
n

) ∪
Θ

(√
1
n

)

=


Θ

(
√

qk ·
1
n

log n
)
, α = 2

Θ

(
√

qk ·
1
n

)
, α , 2,

when qk = ω(1).

|EMST (vk, qk ) |
������∥X−Xk ∥=Ω

(√
1
n

) ∪
Θ

(√
1
n

)

=


Θ

(
√

qk ·
1

n
3
2

log n
)
, α =

3
2

Θ

(
√

qk ·
1

n
3
2

)
, α ,

3
2
,

when qk = Θ(1).

Proof. We consider this problem into two cases: qk =

ω(1) and qk = Θ(1). The methods we utilize to calculate
|EMST (vk, qk ) | are different in these two cases.

Case 1: qk = ω(1). In this case, the group size
qk approaches infinity when n approaches infinity. Thus,
|EMST (vk, qk ) | can be obtained according to Lemma 1.

|EMST (vk, qk ) |

=c(d)
√

qk

∫
O

√
fvk (x)dx

=c(d)
√

qk

∫
O

√√√√*.,
1

1−t
n +

t
I β

+/- ·
(

1 − t

(πx2n + 1)α
+

t
Iβ

)
xdx,

(17)

where notation O denotes the whole network area, and fvk (x)
can be obtained from Lemma 4.

Note that the normalization factor 1
1−t
n +

t

I β

= Θ(1) when

n is sufficiently large. To calculate this integral, we divide

the distance x into two parts: x = Ω
(√

1
n

) ∪
Θ

(√
1
n

)
and

x = ω
(√

1
n

)
. For the first part,

Pg =
1

(πx2n + 1)α
= Θ(1).

Actually, nodes with distance belonging to this part are re-
ferred as close nodes, the selection probability of which is
mainly determined by geographic factor. Though Pg and Png

are both in the order Θ(1) for the close nodes, Pg takes the
major place. Thus, we omit the Png for simplicity. On the other

hand, nodes with distance x = ω
(√

1
n

)
are referred as distant

nodes, the selection probability of which is mainly determined
by non-geographic factor. We omit Pg in this part since it is
much less than Png . Then, we calculate the Equation (17) in
these two parts separately.

For the first part (close nodes),

|EMST (vk, qk ) |
������x=Ω(√

1
n

) ∪
Θ

(√
1
n

)

=Θ
*..,c(d)

√
qk ·

∫ √
1
n

0

√
1 − t

(πx2n + 1)α
· xdx

+//-
=


Θ

(
√

qk ·
1
n

log n
)
, α = 2

Θ

(
√

qk ·
1
n

)
, α , 2.

Different from the results in most existing works, the value of
α does not influence the |EMST (vk, qk ) | for the close nodes.
This is due to the fact that we consider both geographic and
non-geographic factors. For those works that only consider
geographic factor, more close nodes are selected as the des-
tinations when α is large, and thus the |EMST (vk, qk ) | is
small. However, in our case, close nodes form only a part
of destinations. When α is large, the distance between the
destination and the source becomes smaller while the number
of close nodes becomes larger. Consequently, |EMST (vk, qk ) |
of all close nodes remains the same in order sense.

For the second part (distant nodes),

|EMST (vk, qk ) |
������x=ω (√

1
n

) = Θ *..,c(d)
√

qk ·
∫ √

1
π√

1
n

√
t

Iβ
· xdx

+//-
= Θ(

√
qk ).

Note that the above division is actually a mathematical one.
The first part is the |EMST (vk, qk ) | for all close nodes, while
the second part has no specific meaning.

Then, |EMST (vk, qk ) | in the case qk = ω(1) is

|EMST (vk, qk ) | = Θ(
√

qk ).

Case 2: qk = Θ(1). We cannot utilize Lemma 1 in
this case since qk is finite. However, we can calculate the
|EMST (vk, qk ) | by analyzing its lower bound and upper
bound, then obtain the results in order sense.

Since a multicast group has at least one destination, the
lower bound of |EMST (vk, qk ) | is

|EMST (vk, qk ) | ≥ E[∥X − Xk ∥], (18)

where E[·] denotes the average value of the item. The length of
EMST should be no greater than the case that each destination
in the multicast group connects to the source directly. Since
qk = Θ(1), the upper bound of |EMST (vk, qk ) | is

|EMST (vk, qk ) | ≤ qk · E[∥X − Xk ∥]. (19)

Combining Equation (18) and Equation (19), we conclude that

|EMST (vk, qk ) | = E[∥X − Xk ∥].

According to Theorem 2, we have

|EMST (vk, qk ) | = Θ(1). (20)

Since that qk = Θ(1) in this case, Equation (20) can also be
expressed as

|EMST (vk, qk ) | = Θ (√
qk

)
.
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And thus we complete the proof. □

Based on Theorem 1 and Lemma 5, we now consider the
network traffic load.

Theorem 3. Under the proposed destination selection process
with parameters α and β, the network traffic load satisfies

LN =


Θ(n), 0 ≤ β < 2
Θ

(
n log n

)
, β = 2

Θ

(
n

3
2−

1
β

)
, β > 2.

Proof. Considering all social multicast groups, we have∑n

k=1
|EMST (vk, qk ) | =

∑n

q=1
Nq |EMST (vk, qk ) | ���qk=q , (21)

where Nq denotes the number of multicast groups with group
size q. Nq is a random variable that can be calculated from
the distribution of group size q, i.e., Nq = nP{qk = q}.
Equation (21) calculates

∑n
k=1 |EMST (vk, qk ) | by classifying

the multicast groups into different parts according to their
group sizes. Summing up the length of all these EMSTs, we
can obtain the final results.

When β , 0, we consider the length of EMST in two parts:
q = Θ(1) and q = ω(1). Equation (21) can be calculated as

n∑
q=1

Nq |EMST (vk, qk ) | ���qk=q

=
∑

q=Θ(1)

nP{qk = q}|EMST (vk, qk ) | ���qk=q +∑
q=ω(1)

nP{qk = q}|EMST (vk, qk ) | ���qk=q .

When q = Θ(1), the sum is finite, and thus∑
q=Θ(1)

nP{qk = q}|EMST (vk, qk ) |qk=q

=n · Θ *.,
(

1
q

) 1
β +1+/- · Θ(

√
q) = Θ(n).

When q = ω(1), the sum can be calculated through Riemann
Integral as ∑

q=ω(1)

nP{qk = q}|EMST (vk, qk ) | ���qk=q

=n · Θ *.,
∫ n

1

(
1
q

) 1
β +1
· √qdq+/- .

The integral with variable q is

∫ n

1

(
1
q

) 1
β +1

· √qdq =


Θ (1) , 0 < β < 2
Θ

(
log n

)
, β = 2

Θ

(
n

1
2−

1
β

)
, β > 2.

Adding this two parts together, we obtain the final results. □

C. Discussions

In this part, we make a detailed discussion on our results.
a) PDF of group sizes: According to Theorem 1 we have

that if pk→i is defined according to social characteristics, the
group size is power-law distributed with exponent 1

β +1. Note
that β is the exponent of the distribution of user popularity,

and thus this result indicates the distributions of group size
and user popularity are inverse. For example, when β is
small, a flat distribution of user popularity leads to a sharp
varying group size. This result may seem to be a non-intuitive
one at first glance, since a source with larger popularity
always has more group members and thus the distribution of
popularity and that of group size should be roughly the same.
Actually, this is because that the popularity determines the
expected value of group size rather than the distribution of it.
Mathematically, according to the Independent-Selected Model,
the source node selects each node vi as the destination with
probability pk→i independently and thus the expected value of
group size is

∑n
i=1 pk→i determined by the popularity but the

distribution of group size is not directly related to it.
b) PDF of destinations’ locations: The destination se-

lection process directly influences the geographic distribution
of destinations. Most existing models, e.g., rank-based model,
only consider geographic factor, where most destinations are
nodes located close to the source. The PDF of destinations’
locations under rank-based model is

gvk (x) =
n

(πx2n + 1)α
.

The value of gvk (x) decreases dramatically as the distance x
increases. For example, assuming that α = 2 and n = 1000,
only the first 14 nodes would be selected as the destination
with probability larger than 0.001, which indicates that the last
986 nodes have a relatively small probability to be selected.
Nevertheless, in our work which considers both geographic
and non-geographic factors, destination selection process is
modeled as: close nodes are selected as the destination with a
larger probability, while distant nodes would still be selected
with a certain probability. Compared with the existing ones,
our model further reduces the selection probability difference
among nodes with various distances to the source, which
presents a more comprehensive understanding of destination
selection process in real wireless social networks.

c) EMST and the network traffic load: Lemma 5 gener-
ates the |EMST (vk, qk ) | under our destination selection pro-
cess, which are the same with that under uniform case where
destinations are selected randomly and distributed uniformly.
This result is due to the influence of non-geographic factor.
In our model, node vi that is distant from the source node
vk , i.e., ∥Xi − Xk ∥ = Θ(1), would still be selected with
a constant probability. Therefore, there are always Θ(qk )
destinations located with the distance Θ(1) from the source
node, which results in the EMST with length Θ(

√
qk ). Since

there is no significant difference among the lengths of EMSTs
of multicast social groups, the network traffic load is mainly
influenced by the distribution of group size. Final results are
shown in Theorem 3. This conclusion indicates that when
consider both intra-group and inter-group differences at the
same time, the network traffic load is mainly determined by
the latter one.

VI. COMPLEXITY

In the preceding sections, we have elaborated how to form
a multicast group and analyzed some typical features of multi-
cast network, which includes group size, transmission distance
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TABLE II
COMPUTATION COMPLEXITY OF GROUP SIZE, TRANSMISSION DISTANCE

AND TRAFFIC LOAD

Complexity qk Dk Lk

Exact Value Θ(n) Θ(qk ) Θ
(
qk 2

)
Asymptotic Value - Θ(1) Θ(1)

and traffic load. And now, we will show the computation
complexity of the above features.

As stated previously, the formation of a multicast group
includes the following two steps:

Step 1: Each node vi in the network sends a packet, which
includes its geographic location, to the source vk .

Step 2: The source vk calculates the probability pk→i for
each node vi according to Equation (5), and selects it as one
of group members with the corresponding probability.

Based on the above process, now we give the analysis on
the computation complexity, which is also presented in Table
II for convenience.

1) Group size qk : Given the geographic location of each
node vi , the probability pk→i can be calculated within
time Θ(1) for each node vi , and then, qk can be obtained
from Equation (7), which is equivalent to flip n biased
coins and each of them gives head with probability pk→i .
Consequently, the computation complexity of group size
qk is Θ(n).

2) Transmission distance Dk : There are two methods to
calculate Dk , which gives exact value and asymptotic
value respectively. To solve this problem, an intuitive
thought is to directly calculate it according to Equation
(4), which requires a time consumption of Θ(qk ). Alter-
natively, Dk can also be calculated based on the result of
Theorem 2, which only involves the complexity of Θ(1).

3) Traffic load Lk : In a similar way, we can also calculate
Lk in two methods. To obtain the exact value of Lk ,
we can calculate it through many different algorithms
on generating the minimal spanning tree. For example,
Prim’s algorithm [26] is a classical one which results
in a complexity of Θ

(
qk 2

)
. Alternatively, especially for

large-scale networks, Lk can also be calculated in an
asymptotic method. Use the result in Lemma 5 and we
can obtain Lk with Θ(1) complexity.

The computation complexities of group size qk and trans-
mission distance Dk are both linear ones, which is bearable
even for large-scale networks. As for traffic load Lk , we
can evaluate it using the asymptotic value instead, since that
asymptotic measurement is commonly used in large-scale
networks and always provides an accurate estimation of the
exact value. Overall, the computation complexity of these
features is bearable or even well-performed.

VII. EXPERIMENTAL MEASUREMENTS

In this section, we conduct experimental measurements
based on four real datasets collected from Renren, Gnutella,
Facebook and Twitter, respectively. In the following part, we
first give a description of the datasets and simulation settings;

TABLE III
STATISTICAL PROPERTIES OF DATASETS

Dataset Number of Nodes Number of Edges
Renren 10, 031 2, 847, 155

Gnutella 26, 518 65, 369
Facebook 4, 039 84, 243

Twitter 71, 089 2, 420, 766

then we conduct experiments to show that our proposed
models can well characterize the distribution of group size;
and finally, we evaluate the network performance based on
two metrics, i.e., transmission distance and traffic load.

A. Dataset Description

Our experimental measurements are conducted on four real
datasets. For convenience, the statistical properties of them are
summarized in Table III.

1) Renren dataset: As one of leading real name social
networking services in China, Renren requires the user to
provide their basic information such as name and learning
experience, based on which it recommends people that the
user may know and thus builds up a schoolmate-based network
among users [16]. Obviously, friendship in Renren is both
geographic dependent (two users located close are likely to be
schoolmates) and popularity dependent (a popular user often
has more schoolmates added in his friend lists). This social
networking service enables users to communicate with each
other, share photos and access mobile live streaming, which
naturally forms a multicast group. This dataset is collected in
September, 2016, including 10, 031 users from Renren, and
the data of a user includes the following two items:

– Popularity: The number of views a user receives.
– Group Size: The number of friends of a user.

For an arbitrary user k, the popularity and the group size
in the dataset correspond to Ik and qk as previously defined.

2) Gnutella dataset: As a large peer-to-peer file sharing
network, Gnutella is a more geographic dependent one since
that although users share files online, the friendships among
them are formed offline. The dataset we use to conduct
simulations is found in SNAP datasets [27], which consists
of 26, 518 nodes and 65, 369 directed edges. We measure the
popularity and the group size of a certain user in the following
way:

– Popularity: The number of a user’s followers, i.e., in-degree.
– Group Size: The number of friends that a user sends files

to, i.e., out-degree.

3) Facebook dataset: This dataset is available in SNAP
datasets [27], which includes 4, 039 users and 84, 243 edges. In
our experimental measurements, we use the number of friends
of a user to quantify its popularity.

4) Twitter dataset: This dataset is also obtained from SNAP
datasets [27]. It is collected from the Twitter with 71, 089 users
and 2, 420, 766 edges. And for this social network, we measure
the popularity of each user according to the number of its
followers.
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TABLE IV
SIMULATION SETTINGS AND FITTED PARAMETERS

Parameter n Imax t α
Renren 10, 031 333, 992 0.7 2

Gnutella 26, 518 355 0.3 2

B. Simulation Settings

In our experimental measurements, although the popularity
Ik of user k is measured in different ways for these four
datasets, all of them follow the principle that a user with larger
popularity has a greater influence. According to the GN Model,
pk→i is calculated as

pk→i = tPng + (1 − t)Pg .

For the non-geographic factor Png , we normalize it as Png =
Ik

Imax
, where Imax is the largest value of popularity among all

users in the network. For the geographic factor Pg , since it is
unrealistic to obtain the specific locations of users, we assume
that they are independently and identically distributed in a
square region with a side of length Imax . The reason that we
set it as Imax is to ensure that the values of Png and Pg are in
the same order. Then, Pg can be calculated as Pg =

1
Rankk

α (i) .
In this way, we obtain the probability pk→i that related to
both non-geographic factor and geographic factor. And finally,
we calculate the group size of each multicast group using
Independently-Selected Model.

C. Simulations on Group Size

Firstly, we will show that our model can well capture the
multicast group in realistic networks. In doing so, we use
the datasets collected from Renren and Gnutella. The specific
settings and fitted parameters used in simulations are listed in
Table IV, and the results are shown in Fig. 3 and Fig. 4, where
the degree distributions of real data collected from Renren
and Gnutella and that of simulation results are represented
by blue dots and red solid lines, respectively. It can be seen
from the figures that the simulation result well fits the real
data trace, which indicates that the distribution of group size
can be well characterized by our models, i.e., GN Model and
Independently-Selected Model. Specifically, the distribution of
group size in Renren dataset can be fitted by our model with
parameter t = 0.7 and that in Gnutella dataset is fitted with
parameter t = 0.3. This result is consistent with the reality
where the former one is more non-geographic dependent and
the latter one is more geographic dependent. Further, compare
the distributions of group size in this two datasets we can
conclude that, the network with a larger relative weight t
has a flatter distribution since that under this case, the non-
geographic factor dominates and thus helps users to make
more friends regardless of geographic limitation.

Secondly, we will show the impacts of parameter α and t
on the distribution of group size.

1) Parameter α: As illustrated, α is a non-negative constant
which determines the geographical distribution of destina-
tions. However, it has limited impact on the distribution
of group size. Three simulation results with parameter

α = 2, α = 1 and α = 0.5 are shown in Fig. 5. It can be
observed that the difference between them is very small
and we can conclude that parameter α has little impact
on the distribution of group size.

2) Parameter t: According to the definition, t is a constant
reflecting the relative weight of non-geographic factor
Png and geographic factor Pg , where a smaller t indicates
a less influence of Png . We conduct the simulation with
parameter t = 0.7, t = 0.5 and t = 0.3. Results show
that the distribution of group size in the case t = 0.3 is
sharper compared with others. This is because that Png

reflecting the inter-group difference is weakened and thus
results in a more centralized distribution of group size.
However, we can observe from Fig. 6 that the simulation
results with different t are still the same in order sense.

D. Simulations on Network Performance
In the following part, we will give the performance eval-

uation on multicast under the proposed models. Firstly, let
us consider the two datasets we analyzed before – Renren
and Gnutella. The transmission distance and the traffic load
of them are given in Fig. 7, from which we can observe that
the values of this two metrics in Renren are both larger than
that in Gnutella. Recall that Renren is more non-geographic
dependent with a larger parameter t compared with Gnutella.
This result indicates that non-geographic factor encourages
users to make friends located farther and thus the data packet
can be transmitted in a larger range, which then leads to larger
transmission distance and traffic load. To further verify this
conclusion in details, we conduct a simulation with a varying t
from 0 to 1. In the following simulation, we use the popularity
obtained from the aforementioned four real datasets to model
the non-geographic factor and for the geographic one, we
assume that users are independently and identically distributed
as stated previously.

1) Transmission distance: We evaluate the transmission
distance by the average value of that over all multicast groups
in the network. As shown in Fig. 8, the transmission distance
increases with the growth of relative weight t. This result is
a natural one since that with a greater value of t, more nodes
with large geographic distance will be selected as the group
member and consequently results in an increasing transmission
distance. Based on the above observations we conclude that the
transmission distance of multicast is greatly improved under
our models.

2) Traffic load: Besides the transmission distance, we also
conduct experimental measurements on traffic load. The cor-
responding result is given in Fig. 9. The traffic load here is
calculated as the average length of EMST over all multicast
groups in the network. We can observe that it increases
monotonically with the growth of relative weight t. This is an
unavoidable result since with the influence of non-geographic
factor Png , both the average group size and the transmission
distance increases, which further results in a growing value of
traffic load. However, as shown in Fig. 9 and Fig. 10, since
the average group size qk grows faster compared with that of
traffic load, the consumption of time and energy per node, i.e.,
Dk

qk
, decreases.
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Fig. 3. Validation of the model on
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Gnutella dataset.
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transmission distance.
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VIII. CONCLUSIONS

In this paper, we propose a novel model of destination
selection process that incorporates two characteristics, i.e.,
social relationship and group size. Different from the existing
works, the social relationship in our work follows the GN
Model, which considers both geographic and non-geographic
factors. In particular, the group size follows the Independently-
Selected Model, where it is determined by the destination
selection process rather than known a priori. Based on the
proposed models, we calculate the properties of EMST for
each multicast group and analyze the network performance
through two metrics, i.e., transmission distance and traffic
load. And finally, we conduct experimental measurements
based on four real datasets, i.e., Renren, Gnutella, Facebook
and Twitter. Results show that our models can well character-
ize the distribution of group size, and the network performance
can be greatly improved.

APPENDIX A
PROOF OF LEMMA 2

Assuming that there are n nodes in the network, each
node vi is selected as the destination with probability pi . The
probability distribution of the group size qk satisfies

P{qk = q} = P{q nodes are selected while n − q nodes are not}
=

∑
1≤i1<...<iq ≤n

pi1 . . . piq (1 − pj1 ) . . . (1 − pjn−q ).

Considering all possible permutations of q nodes among n
nodes we obtain the result. Group size is the multinomial
distributed where the number of such combinations is

(
n
q

)
.

APPENDIX B
PROOF OF LEMMA 3

According to the definition, Rankk (i) = r implies that there
are r nodes located closer to the source node vk compared with

node vi , and thus we have

r = n
∫ ∥Xk−Xi ∥

0
1dx + 1 = π∥Xk − Xi ∥2n + 1, (22)

where r is the number of nodes located in the disk with
center point vk and radius ∥Xk − Xi ∥. Applying a simple
transformation of Equation (22), we have

∥Xk − Xi ∥ =
√

r − 1
πn
= Θ

(√
r
n

)
.

APPENDIX C
CALCULATION OF THE NORMALIZED COEFFICIENT

The calculation of the denominator in Equation (14) is
presented as follows.

∫ √
1
π

0
2πl (

1 − t

(πl2n + 1)α
+

t
Iβ

)dl

=(1 − t)
∫ √

1
π

0

2πl

(πl2n + 1)α
dl + t

∫ √
1
π

0

1
Iβ

dl .

The first integral in above equation is

∫ √
1
π

0

2πl

(πl2n + 1)α
dl =

∫ √
1
n

0
2πldl +

∫ √
1
π√

1
n

2πl

(πl2n)α
dl

=Θ(
1
n
+ n−α · l2−2α ���

√
1
π√
1
n

) = Θ(
1
n

).

Thus, we have∫ √
1
π

0
2πl (

1 − t
N (n)(πl2n + 1)α

+
t

Iβ
)dl =

1 − t
n
+

t
Iβ
.
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